Form factors parameterizing radiative leptonic decays of heavy mesons (B + → γl + ν l ) for photon energy are computed in the language of dispersion relation. Constraints provided by Ward Identities and gauge invariance are used to provide useful information for parameters needed. The couplings g BB * γ , f BB * A γ and g BB * A γ are also predicted. The value of the branching ratio for the process B + → γµ + ν µ is found to be 0.5 × 10 −6 . This is reduced by 20.4% if F A = F V is taken. A detailed comparison is given with other approaches.
Introduction
In spite of small branching ratio, the radiative B-meson decay (B → γlν) is of viable interest because it contains important information about weak and hadronic interations of B-meson. Furthermore, with the introduction of B-factories LHCb, BaBar, Belle and CLEOb, the radiative B-meson decay can be studied with enough statistics. Preliminary data from the CLEO collaboration indicates an upper limit on the branching ratio B(B → γlν) of 2.0 × 10 −6 at 90% confidence level [1] . With the better statistics expected from the upcoming B factories, the observation and experimental study of this decay could become soon feasible. It is therefore of some interest to have a good theoretical control over the theoretical uncertainities affecting the relevant matrix elements.
The radiative leptonic decay B + → γl + ν l has received a great deal of attention in the literature [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] as a means of probing aspects of the strong and weak interactions of a heavy quark system. The presence of the additional photon in the final state can compensate for the helicity suppression of the rate present in purely leptonic mode. As a result, the branching ratio for the radiative leptonic mode can be as large as 10 −6 for the µ + case [10] , which would open up a possibility for directly measuring the decay constant f B [7] . A study of this decay can offer also useful information about the Cabibbo-Kobayashi-Maskawa (CKM) matrix element |V ub | [14, 15] .
In the radiative B-decay process, there are two contributions to the amplitude:
1. inner bremsstrahlung (IB) and 2. the structure dependent (SD) contribution which depends on the vector and axial vector form factor F V and F A respectively.
The IB contribution to the decay amplitude is associated with the tree diagrams shown in Figs. 1a and 1b, and SD contribution is associated with Fig. 1c .
In this paper, we will study the radiative leptonic B decays of B + → γl + ν l . The IB part is still helicity suppressed [2] , while the SD one is free of the suppression [16] . Therefore, the radiative decay rates of B + → γl + ν l (l = e, µ) could have an enhancement with respect to the purely leptonic modes of B + → l + ν l due to the SD contributions in spite of the electromagnetic coupling constant α. With the possible large branching ratios, the radiative leptonic B decays could be measured in the future experiments at hadronic colliders, such as BTeV and CERN Large Hadron Collider (LHC-B) experiments [17] .
The paper is organized as follows. In Sec. 2, we present the decay kinematics and current matrix elements for B + → γl + ν l . The constraints provided by Ward Identities and gauge invariance will determine in the language of dispersion relations for relevant form factor contributions from continum as well as resonances which include not only J P = 1 − and 1 + but also their radially excited states. This also provides normalization of form factors in terms of a universal function g + (0). Section 3 provides the resonance contributions of different form factors. We determine the radiative coupling constants of 1 − and 1 + resonances in terms of g + (0). Thus in our approach, a parametrization of q 2 dependence of form factors is not approximated by single pole contribution. But this parametrization is dictated by considerations mentioned above and we also predict the coupling constants of 1
− and 1
+ resonances with photon in Sec. 4. We calculate the decay branching ratios in Sec. 5. We give our conclusions in Sec. 6.
Decay kinematics and current matrix elements
We consider the decay
where l stands for e or µ, and γ is a real photon with k 2 = 0. The decay amplitude for radiative leptonic decay of B + → γl + ν l can be written in two parts, M IB and M SD , as follows:
in terms of two emission types of real photon from B + → l + ν l . They are given by [18, 19, 20, 21] 
with
Here ǫ * µ denotes the polarization vector of the photon with k µ ǫ * µ (k) = 0, p, p l , p ν , and k are the four momenta of B + , l + , ν, and γ, respectively, s l is the polarization vector of the l + , f B is the B meson decay constant, and F A , F V stand for two Lorentz invariant amplitudes (form factors).
The term proportional to L µ in (5) does not contain unknown quantitiesit is determined by the amplitude of the non-radiative decay B + → l + ν l . This part of the amplitude usually reffered as "inner bremsstrahlung (IB) contribution", whereas the term proportional to H µν is called "structure dependent (SD) contribution".
The form factor F A (F V ) is related to the matrix element of the axial (vector) current. The factors f B and F V,A are defined by
In our phase convention, the form factors F A and F V are real in the physical region
where q is the momentum transfer. The kinematics of the decay needs two variables, for which we choose the conventional quantities and in the rest frame of B
and the angle θ lγ between the photon and the charged lepton is related to x and y by
In terms of these quantities, one can write the momentum transfer as
We write the physical region of x and y as
where
Dispersion Relations
The structure dependent part, H µν is given by
We note that [23] 
so that for the real photon we can write
where k µH µν = 0 andH µν is parametrized as in Eq. (21) . The second term in (7) is absorbed in M IB . The absorptive part is
The δ-function in the first term implies p 2 n = k 2 = 0 and since there is no real particle with zero mass, the first term does not contribute. Thus contributing to the absorptive part are all possible intermediate states that couple to Bγ and annihilated by the weak vertex 0 |J + . Thus
The ellipses stand for contributions from higher states with the same quantum numbers. We assume that the contributions from the radial excitations of B * and B *
A dominate the higher state contribution. Thus we write
where M is a cut off near the first radial excitation of M B * or M B * A and S 0 = M B + m π , and .In the next section we develop the constraints on some of the parameter appearing in the above equations.
If we model the continum contribution by quark triangular graph, we obtain
which appear in (21).
Ward Identities Constaints
It is useful to define
Now we will make use of Ward Identities and gauge invariance principle to relate different form factors. Usually, the gauge invariance is implemented by means of the Ward Identities; another way, essentially the same, is to consider what happens if the polarization vector of an external (real) photon is replaced by its fourmomentum. The result is zero, provided that one considers all diagrams where this particular photon is connected in all possible ways to a charge carrying line. In this way one understands the connection between gauge invariance and charge conservation. The Ward Identities 1 used to relate different form factors appearing in our process are:
where the matrix elements γ (k, ǫ) |ūb| B(p) and γ (k, ǫ) |ūγ 5 b| B(p) vanish for real photon due to gauge invariance. Using the Ward Identities in Eqs. (27) and (28), and comparing the coeffcients, we obtain
The results given in Eqs. (31) and (32) are model independent because these are derived by using Ward Identities.
In order to make use of Ward Identities to relate different form factors, we define
Since we have a real photon, gauge invariance requires that if we replace ǫ µ (k) by k µ , the matrix element should vanish. This requires
From Dirac algebra
we can write
The gauge invariance, namely, replacing ǫ µ by k µ , the matrix element should be zero, does not give any new relation other than (34). Using this relation and 2k
Contrary to what is stated in some literature, the gauge invariance does allow a second tensor structure in addition to (ǫ
This, in turn, gives [from Eq.(28)]
Similarly, from Eq. (33), we get the relation
Comparison of this equation with Eq. (27) gives
Thus, finally we obtain
Therefore, the normalization of F V and F A at q 2 = 0 is determined by a universal form factor g + (0).
Pole contributions
In the Fig. 1c, the 
On the other hand, only g + get contribution from quark ∆-graph [24] . This contribution is
Therefore, we shall put h 2 = 0 in what follows. g +, g − and h are related through the Eq. (34) and g B * A Bγ , f B * A Bγ are coupling constants defined as follows [22] : (29), we take the matrix elements between 0| and |B * , we obtain
where 0 |iūγ µ b| B * (q, η) = f B * η µ . Thus using Eq. (48), we get
It is easy to see that same relation is obtained if one uses heavy quark spin symmetry. Similarly, if in the Ward Identity (30), we take the matrix elements between 0| and |B * A , we obtain 0 |iūσ µν q ν γ 5 b| B *
where 0 |iūγ
By using the identity (35), we obtain
Gauge invariance requires from the Eq. (49)
and from (44) and (45), the ratio of S-wave and D-wave couplings is given as
This ratio we will use in the next section to predict the coupling of γ with B and B * A vertex. We also will predict the coupling g B * Bγ defined in Eq. (47) for B * taken as an intermediate state.
Form Factors and determination of Coupling Constants:
We, now wish to determine the coupling of the vertex at which the initial B-meson emitts the photon and goes to B * or B *
A . In view of the fact that g + (q 2 ) has no pole contribution and as such recieve contribution from the continum, and assuming that h 1 and h are dominated by the poles at M 
where subscript i corresponds to the ith radial excitation of B * etc. Thus different form factors have universal normalization at q 2 = 0
Therefore comparision of these equations with Eq. (24) with continum contribution identified in Eq. (26) we get the constraint
suppressing the subscripts V and A. This gives restricting to the first radial excitation,
Note that B * (B * A ) pole behaviour is softened by an effective suppression factor (M . We can not expect the relations (61) obtained from Ward Identities to hold for all q 2 for which we use the parametrization.
where we fix a and b by using the expression
and the corresponding ones for the Eq. (61) where g + (q 2 ) is given in the Eq.(46). In this way we obtain
and M 1 is the first excitation of M. It is tempting to factor out 1 1−q 2 /M 2 pole behavior, which gives
and
Using Eq. (25), we obtain
while
Use g + (0) given in Eq. (46) with Q u = 2/3, namely
then we have the prediction
Finally using Eqs. (59) in (66) respectively, we obtain (neglecting terms of the orderΛ/M B )
This is the final expression for the form factors of our process B → γlν l . We also observe the approximate equality F V (q 2 ) = F A (q 2 ) of the form factors which also occur in some other models including [12, 13] . For numerical work, we shall use B-meson masses given in Table 1 , f B = 180 MeV. This gives the prediction from Eq. (70)
The same values give
Further from Eq. (68)
The relation between S-wave and D-wave couplings near the pole at
Decay distribution
The Dalitz plot density
is Lorentz invariant which contains the form factors F V and F A in the following form [18, 19, 21] 
The SD + term reaches its maximum at x = 2/3, y = 1, which corresponds to θ lγ = π. The SD − term reaches its maximum at x = 2/3, y = 1/3, corresponding to θ lγ = 0.Indeed, for lepton of maximal energy (y = 1), only "right-handed" photons contribute.In this situation, the photon and the neutrino must be emitted in the direction opposite to that of the lepton. Angular momentum conservation forces the photon spin to be opposite to the total lepton spin and the photon helicity has the same sign as that of the lepton. Then the photon and the neutrino are emitted parallel. This configuration is corresponding to a neutrino of maximal energy (E ν = E max ν when x + y = 1). In this case, only the "left-handed" photon contributes. When x + y = 1, the IB contribution becomes very large: this corresponds to θ lγ = 0. Consequently, it is very difficult to distinguish experimentally between the IB and the SD − contribution.To summarize, an experiment performed in the region θ lγ ≃ π is essentially sensitive to (F V + F A )
2 . The form factors calculated in Eq. (71 and 72) can be expressed in terms of the kinematical variables defined in Eqs. (12) (13) . The expression thus reads
and M 1 is the radial excitation of M and their values are given in Table 1 . We use these in Eq. (76) and integrate over x and y in the limit as mentioned in Eqs. (16, 17) . IB contribution diverges for the minimum value of x, we take an arbitrary lower limit for x i.e. x min ≈ r l for which the divergence problem is cured and theIB part gives some definite value O(10 −20 ). But as the energy of the photon is increased, it approaches zero at x max ., therefore in the total decay width, this does not contribute much. The SD part is the most dominent part of the decay width which provides almost the whole contribution. This part increases initially with increasing x, reaches its peak value and then starts decreasing. The INT part of the decay width is an increasingly vanishing contribution and can be neglected in comparison to the SD part, because it is suppressed by O(10 −21 ) and becomes flat (approaches zero) as x (the photon energy) approaches 1 (its maxima). Therefore, this does not contribute fairly to the total decay width of the process.
In the Fig. 2 , differential decay width of the process is plotted against x. and we see that for our calculations, the peak is shifted to lower value of x as compared to those for Eilam et al., [10] Korchemsky et al., [12] and Chelkov et al., [13] . So, for the process B → γlν l the branching ratio obtained is
and by keeping form factors F A = F V , we have branching ratio B(B → γµν µ )
The branching ratio lowers by 20.4% compared to that given in Eq. (79). The CLEO Collaboration indicate an upper limit on the branching ratio B(B + → γν l e + ) of 2.0 × 10 −6 at the 90% confidence level [1] . Thus this value lies within the upper limit provided by the CLEO collaboration and also is in good agreement with the value predicted in [12, 13] , are (2 − 5) × 10 −6 and 0.9 × 10 −6 , respectively. The Monte-Carlo simulation results given in [32] where the upper limit on the branching ratio for this process is predicted to be 5.2 × 10 −5 .
Conclusions
Preliminary date from the CLEO Collaboration indicate an upper limit on the branching ratio B(B + → γν l e + ) of 2.0 × 10 −6 at the 90% confidence level [1] . With the better statistics expected from the upcoming B factories, the observation and experimental study of this decay could become soon feasible. It is therefore of some interest to have a good theoretical control over the theoretical uncertainties affecting the relevant matrix elements.
We have studied B → γlν l decay using Ward Identities. The form factors if F A (q 2 ) = F V (q 2 )) which lies within the upper limit predicted by CLEO Collaboration at 90% confidence level [1] and is in good agreement with those in [12, 13] while lies within the upper limit of the value obtained by MonteCarlo simulation [32] . The differential decay width versus photon energy is plotted in Fig. 2 to compare our results with the existing calculations in the light-cone QCD approach [10, 12] and in the instantaneous BetheSalpeter approach [13] . The results for B → γlν l have been reproduced using suddakov resummation [12] and have also been shown graphically. In our calculations as well as in [10] , the position of the peak of differential decay width is shifted to the lower value of photon energy. This is due to the double pole in the form factors. In [12] the height of the peak for dΓ dx is suppressed compared to the one obtained by using the result (26), valid for high E γ . In our case the suppression is provided by radial excitation, reflected in the factor (M 
